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Abstract. A new kind of coherent states for the Lie superalgebra B(0,I) is presented. An 
inhomogeneous differential realization (THDR) of the Lie superalgebra is obtained. This 
IHDR may be useful for the study of the quasi-exactly solvable problems of quantum 
mechanics. 

1. Introduction 

It is well known that coherent states 113 of Lie (super)algebras have played an important 
role in the study of quantum mechanics systems. The coherent states of quantum optics 
[Z], which provide a natural link between classical and quantum mechanics and are 
related to the path integral formalism, were extended to arbitrary Lie groups by 
Perelomov and Gilmore [3,4]. Generalized coherent states for a Lie group G are 
defined by acting with some irrep of G on a fixed vector carrying a one-dimensional 
irrep of a subgroup H. Later on, they are further extended to deal with finite-dimensional 
vector representations of H [5-7]. Recently, generalized coherent states for Lie superal- 
gebras have begun to be investigated by many authors 18-10], 

Recently discovered quasi-exactly solvable problems (QESP) [ll-141 of quantum 
mechanics become more and more important because they have been generalized, in 
parallel, to study the conformal field theory [15]. The QESP have been proved to be 
related to the inhomogeneous differential realizations (IHDR) of Lie (super)algebras 
[U-14,161. Turbiner gave a complete classification of the one-dimensional QESP by 
making use of the IHDR of the SU(2) algebra, and pointed out that one can study the 
multi-dimensional QESP [ 121. Shifman and Turbiner presented the general procedure 
to construct the multi-dimensional QESP by making use of the IHDR of the Lie superalge- 
bras [13,14]. Hence it is very important to study the IHDR of Lie superalgebras. 

In this paper, by analysing the properties of the finite-dimensional irrep of the Lie 
superalgebra B(0 , l )  we present a new kind of coherent states for the 8(0,1) superal- 
gebra. We also study the IHDR of the superalgebra in the new coherent state space. 

2. New coherent states for the E(0 , I )  superalgebra 

The Lie superalgebra B(0,l) [I71 consists of three even generators L,, L, and two 
odd generators V, which satisfy the following commutation and anticommutation 
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[LZ, L,l=+L* [L,, L-l=-L, 

[L3, V*I=*V* [L,, V+I=O [ti, VJ=*V+/JZ. (1)  

{V*, V*I=-L*/JZ {V+, V-)=-L,  
The basis vectors of a finite-dimensional irrep of  the superalgebra may be labelled 

IJ, M, a), where a = 0 and 1 ,  J = 0,  $, 1 , .  . . , and 

-J,-J+ 1, ..., J, 
-J, -J+l,. . . , J-1, 

for a = O  
for a = 1. M = (  

With a convenient normalization of the basis vecton, the way in which the generators 
act upon the basis vectors is indicated by the relations: 

L,IJ, M, a)= (M+&)IJ,  M, a) 

L+IJ, M, a) = - [ ( J +  M'+ 1)(J - M - u ) ] ' / ~ / ~ ~ I J ,  M + 1, a) 
L-IJ, M, a ) = [ ( J +  M ) ( J  - hf+ 1 - a)]l/Z/JZ(J, M - 1, a) 

V+IJ, M ~ ) =  -(I -a)(~- M -IY)~/'[J, M, + I)-~(J+ M +  i ) ' / 21~ ,  M, 0: - 1) 
VJ, M, a)= (1 - a ) ( ~ + ~ ) ' / ' l ~ ,  M - 1, a+ I ) - ~ ( J - M - ~ +  i)l'zlJ, M, a - 1). 

(3) 

This irrep i s  4J+ 1 dimensional and may be split as the two subspaces IJ, M, 0) and 
I J ,  M, 1) corresponding to a = 0 and 1, respectively. The completeness condition of the 
basis vectors of the irrep may be expressed as 

2 1  2J-I 

" = O  " = O  
[J, -J + n, O)(J, -J+ n, 0(+ IJ, - I+ n, 1)(J, - J +  n, 11 = I (4) 

where I is the identity operator. 
From (3) one may obtain two useful formulas for computation 

1 " 25 
L:IJ, - J, 0) = (-3) ( ) n ! I J, - J + n, 0 )  

L z l J , - J , l ) = ( - - ~ j )  1 ( 25-1 ) n!lJ , -J+n, l ) .  

We now introduce two coherent states 1 . ~ ) ~  and 1 ~ ) ~  by applying the exponential 
operator exp(zL+) on the lowest-weight states IJ, -J, 0) and IJ, -J, 1) of the two 
subspaces of a B(0,l) irrep 

= N d z )  exp(zL+)IJ, -4 0) ( 6 ~ )  

Idz= exp(zL+)IJ, -J, 1) ( 6 b )  

where N l ( z )  and N 2 ( z )  are two normalization constants to be determined. 
Making use of equation (S), one can rewrite (6)  as follows: 
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The analysis below shows that the new coherent states of the Lie superalgebra 
B(0,l)consistofthetwosubsystems [ ~ ) ~ a n d I z ) ~ ,  whicharerelated to the twosubspaces 

{ I J ,  M ,  O)} and {IJ, M, 1)) of the B(0,l) irrep. We use the symbol { [z)~,  Iz )~}  to denote 
the new coherent states in which and {Iz)J can be regarded as two subspaces. 

We require that the new coherent states are normalized in the form 

j (zlz) j  = 1 ( i =  1,2). (8) 

N,(z)=(l+fz$J N 2 ( z )  = (1 +f~ i ) -~+”~  (9) 

It follows from (7) and (8) that 

where 1 is the complex conjugation of z. 
The scalar product of two new coherent states is of the form 

l(z‘lz),= N , ( z ’ ) N , ( z ) ( l + ? ~ i ’ ) ~  

2(z’lz)2 = N2(z’ )N2(z) ( l  +$zi’)”-’ 

1(z‘1z)2 = 0. 

which indicate that two new coherent states in the same subspace are non-orthogonal. 
Nevertheless, two coherent states in different subspaces are orthogonal to each other. 

Making use of the orthogonality of the basis vectors of the B(0,l)  irrep, from (6 )  
we find the expansion coefficients 

We now study the completeness condition of the new coherent states. Since the 
4 J +  1 state vectors {IJ, M, a)} of an irrep of the B ( 0 , l )  superalgebra are known to 
form a completeness orthogonal set, the problem here may be changed to find the 
following two weight functions u l ( z )  and u 2 ( z )  such that 

2 1  21-1 

,I-0 ”=-a 
= C IJ, - J +  n,O)(J, - J +  n, O[+ 1 [J, - J + n ,  l)(J, -J+  n, 11 = I .  (12) 

Let If) and 18) be two arbitrary vectors, then equation (12) means that 

(flg) = ] d ~ , ( z ) ( f l z M z l g ) +  ] d 4 ~ ) ( f I z ) ~ ~ ( ~ l g ) .  

We now determine the two weight functions. Let 

du , (z )=ul ( r ) r  d r  dB 

du2(z)=u2(r ) rdr  dB (146) 

where we have set z = re“. 
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Substituting the definition (7) into (13) and integrating over the variable 6, we have 

x (1 + $zZ)-"(fI J, - J + m, O)(J, -J + n, Olg) 

+ j o m r d u 2 ( r ) d r j o 2 = d 0  '5' (2Jn-1)"2( 2J-1 ) ' I 2  zmZ"(l+fzZ)-2J*' 
".m=O 

= 2 m  ( y )  jom?"+lu,(r)(l+sr I 2 ) -21 d r  
"4 

21-1  25-1 
+2m "-0 ( )?""u2(r)(l+jrz)-2111dr 

x ( f I J , - J + n ,  l ) ( J , - J + n ,  Ilg). 

Hence we must have 

With the help of the following integral formula 

n!( m - n -2)!  m X2"+l 

dx = I 0 (l+x')- 2(m-1)! 

comparing equations (17) and (18) with (19) we finally obtain the desired weight 
functions 

Thus, the completeness relation of the new coherent states can be written as 

As a result of the above completeness condition, an arbitrary vector 11)) can be 
expanded in terms of the new coherent states for the B(0,l) superalgebra as follows: 
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3. AD inhomogeneous differential realization for the B(0,I) superalgebra 

In this section, we study the IHDR of the B(0,l)  superalgebra in the new coherent 
state space. For simplicity, we consider the IHDR of the superalgebra in the unnormal- 
ized new coherent state space { I ~ Z ) ~ ,  1 1 ~ ) ~ )  defined by 

We now consider the actions of the B(0,l) generators on { I ~ Z ) ~ ,  I I z ) ~ } .  First we 
calculate the action of L- on the subspace { ~ I Z ) ~ } .  Making use of the completeness 
relation (4) and the expansion coefficients (11) and (3), we have 

21 2J 
L-IJ, - J + %  O ) ( J , - J + n ,  011z)i+ 

"=O "-0 
L-IIZ)~ = LIJ, - J +  n, 1)(J, - J + n ,  1IIZ)i 

=-$z (2J -~d /dz ) l / z )~  (25) 

which indicates that the generator L- acts like an inhomogeneous differential operator 
1:' on the subspace {11z)J, 

1L1=-fz(2J-zd/dz). (26 )  

In the same way, one may obtain the action of L- on the second subspace { I ~ Z ) ~ } :  
L_I/z),= r2_211z)2 (27) 

with 

P = - f z ( 2 5 - 1 - ~ d / d z ) .  (28) 

Then the action of the generator L -  on the new coherent states {IIz),, l l ~ ) ~ }  can be 
expressed as 

where the matrix operator p ( L - )  is given by 

Similarly, one can get the actions of the other generators on the new cohrent states 
I l lZ) l ,  11.)2}: 
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where these matrix elements in equations (31) and (32) are given by 

L-M Kuang and G-J Zeng 

d 
dz 

I:' = - J + z -  
d 

dz 
1z2= - J + ~ + z -  

It can be shown that these matrix operators from (30) to (32) satisfy the commutation 
and anticommutation relations of the Lie superalgebra E(0,l) when they act upon the 
new coherent state space { I I Z ) ~ ,  I~Z)~}. Therefore, they give rise to an IHDR of the B(0,l) 
superalgebra. 

4. Concluding remarks 

We have constructed a new kind of coherent states for the B(0,l) superalgebra, and 
obtained the IHDR of the superalgebra. The new coherent states have some advantages 
such as they contain only one usual complex variable without any Grassmann variables, 
so that one need not make calculations on Grassmann variables when the new coherent 
states are applied to concrete physical problems. In the new coherent states space the 
generators of the Lie superalgebra can be realized in the matrix form, and this realization 
is an IHDR which is just needed in the QESP. 

It is possible to generalize this kind of new coherent states to other Lie superalgebras. 
A straightforward example is the S P L ( ~ ,  1) superalgebra [18]. A finite-dimensional irrep 
of the SPL(~, 1) superalgebra may be split as the four subspaces, so one can define 
four coherent states which together form the new coherent states of the S P L ( ~ ,  1) 
superalgebra. 

It is also interesting to extend this formalism to quantum superalgebras. 
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